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Problem 1. Show that the series

∑
𝑛≥0
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)
𝑡𝑛 is algebraic.

Show that the series
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𝑛!3

𝑡𝑛 is not algebraic.

Problem 2. Using the formula 𝛾 = −
∫ ∞
0

𝑒−𝑡 log 𝑡d𝑡 , compute 1000 digits of the Euler–

Mascheroni constant.

Problem 3. Show that
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.

Problem 4. Show that

𝑛∑︁
𝑘=0

(
𝑛

𝑘

)
𝑓𝑘 𝑓𝑛−𝑘 = 1

5
(2𝑛𝑔𝑛 − 2),

where 𝑓𝑛 is dened by 𝑓𝑛+2 = 𝑓𝑛+1 + 𝑓𝑛 and 𝑓0 = 0 and 𝑓1 = 1, and 𝑔𝑛 is dened by the

same recurrence relation but 𝑔0 = 2 and 𝑔1 = 1.
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Problem 5. Inspired by Kontsevich and Odesskii (2020), consider the dierential

operator 𝐿 = 𝜕𝑧 (𝑧 − 1) (𝑧 − 𝛼)𝜕 + 𝑧, where 𝛼 is a parameter with |𝛼 | � 1.

1. Show that 𝐿 is Fuchsian.

Let𝑀 be the monodromy matrix corresponding to a loop enclosing 0 and 𝛼 (but not 1).

2. Show that det𝑀 = 1.

3. Let exp(±𝑖2𝜋_) be the two eigenvalues of𝑀 . Check experimentally that _ is a

power series in 𝛼 with rational coecients. Compute as many coecients as

you can.

Problem 6. Inspired by Koutschan (2013), consider a random walk on a face-centered

cubic structure: a point 𝑋 in ℤ3
starts at 0, and at each step the point moves randomly

to one of its twelve neighbors in the structure:

𝑋 + (±1,±1, 0), 𝑋 + (±1, 0,±1), 𝑋 + (0,±1,±1) .

Let 𝑋𝑛 be the position aer the 𝑛th step (this is a random variable). Let 𝑝𝑛 be the

probability that 𝑋𝑛 = 0.

1. Let 𝑎𝑛 be the probability that 𝑋𝑛 = 0. Let 𝐴(𝑡) =
∑

𝑛≥0 𝑎𝑛𝑡
𝑛
. Give a rational

function 𝑅(𝑡, 𝑥1, 𝑥2, 𝑥3) such that

𝐴(𝑡) = res𝑥1,𝑥2,𝑥3 𝑅.

2. Let 𝑏0 = 0 and, for 𝑛 > 0, let 𝑏𝑛 be the probability that 𝑋𝑛 = 0 and 𝑋𝑘 ≠ 0

for 0 < 𝑘 < 𝑛. Let 𝐵(𝑡) = ∑
𝑛≥0 𝑏𝑛𝑡

𝑛
. Show that 𝐵(𝑡) = 1 −𝐴(𝑡)−1.

3. Evaluate numerically the return probability, that is the probability that there is

an 𝑛 > 0 such that 𝑋𝑛 = 0.
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